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INTRODUCTION
where u(x) is the midplane displacement along the x axis, (5)), the shear stress is proportional to the shear strain, the shear strain at the top and bottom faces must also vanish:
Enforcing the conditions in eqn (3) gives rise to the displacement components of the form: The cubic u, has an hierarchical form such that if the higher-order terms w_., and 3, are eliminated, the displacement field is reduced to the { 1,2}-order theory with a linear axial displacement distribution.
The displacements in eqn (4) 
Stress-strain relations
Either plane strain or plane stress constitutive relations can be developed for a laminated beam resulting in the stress-strain relations in the form:
The complete derivation of eqn (5) can be found, for example, in Cook 2t.
Strain-displacement relations
In this beam theory, two distinct approaches are used to express the strains in terms of the kinematic variables. The axial e,._ and transverse shear %= strains are determined directly from the strain-displacement relations of elasticity theory, where the 3'.< strain is further augmented with a shear correction factor. The strains derived in this manner will be represented by continuous and differentiable polynomial functions through the thickness whose distributions are independent of the individual laminate properties;
hence the superscript (k) will be dropped for these strains.
Clearly, such strains can be regarded as some average representations of the "true" strains (i.e., those strains that satisfy the requisite equations of elasticity theory). 
(0,, 02, 03) = (h_', 1/6-_'2/2, h(_/5 -_'3/3))
The transverse shear average strain is obtained from the linear strain-displacement relations of elasticity and is augmented with a shear correction factor k i.e.,
The shear correction factor is introduced in eqn (8) hnportantly, the desired simplicity of the theory is retained.
For mechanical loading, a:: is closely approximated by a cubic expansion through the thickness as 
The reJ naining two coefficients are found by forcing the el:_) .... strain :o be least-squares compatible with the corrected averag : strain derived from the strain-displacement relation (the n(tation e(:_ with the superscript (k) implies that the strain is piece-wise (ply-level) continuous):
h ,e:: -where the corrected average strain is determined from the strain-displacement relations as
where t_:0and k:_ are the transverse normal correction factors, m d e:0 and K_)denote the transverse strain measure and curvature, respectively. Obtaining el:_! from the constitutive relatio:_s, eqn (5), results in
Introducing eqns (14) and (15) into eqn (13), where the minim zation is performed with respect to the undetermined coefficients, a_) and orb results in two algebraic equations from _,hich these coefficients are readily determined. Eqn (15) is then simplified to yield the transverse normal strain of the form 
where 6 is the variational operator, A is the cross-sectional area o" the beam, and S + and S denote the top and bottom surfac ;s of the beam, which, respectively, are subject to the norma[ pressure loads q+ and q-. The first term in eqn (17) is the ',olume integral representing the virtual work done by 
0--.2_=MH.,(cd
or 6w2(_)=0, (ec=0, L).(21)
Beam constitutive relations
Introducing the strains eqns (6), (8) and (16) 
Substituting eqns (22) and (23) 
Reduction to lower-order theories
The fierarchical displacement approximation of the {3,2 } order t _eory permits a straightforward reduction to several lower-order theories.
By eliminating the higher-order displacement terms WL._(x) and _(x) from eqn (4), the displacement field reduces to the {1,2} form given by TessleflS:
Conse¢uently, the higher-order strain and curvature terms eH and KH are eliminated from the theory. This results in the simplif cation of the equilibrium equations, boundary conditions and stress resultants, respectively, such that all of the terms with a subscript H are eliminated.
The { 1,2} displacement theory can further be reduced to Timosl enko theory by neglecting the Poisson effect (i.e., by setting u_3 = 0), thus ignoring the coupling between the axial aad transverse stretching of the beam. Furthermore, the we ghting function associated with the computation of the trar sverse shear stiffness, which is parabolic, needs to be set to unity to simulate the constant shear distribution accord!ng to Timoshenko theory. While this yields the Timostenko theory equilibrium equations, the boundary conditi ms lbr both {1,2}-order and Timoshenko theories are the same. The results of Timoshenko theory can further be redt ced to those of classical beam theory by setting the transverse shear rigidity to be infinite, i.e., G = _.
CYLIb DRICAL BENDING PROBLEM
The pr _blem of cylindrical bending is considered for the beam n a state of plane-strain. The beam is simplysuppored at the ends x = 0 and x = L and is subjected to a transverse load in the form of a half-sine wave applied at the top sur'ace, i.e.,
where l,, is the amplitude of the loading. 
which satisfy the simply-supported end conditions exactly:
Introducing eqns (30) and (31) into the equilibrium eqns (24)- (28) 
Numerical results
Cook 2_ assessed the {3,2}-order theory by examining a wide range of laminates and material systems. As expected, the best performance is achieved for homogeneous beams, where the displacement, strains and stresses, both due to the Table 1 . and the transverse shear and transverse normal correction factors are given in Table 2 . For details on the determination of the correction factors, the reader is referred to Cook 21.
lxtminated composite beams
In Figures  2 and 3 , the displacement, strain, and 
